Relatively local Hamiltonians are a class of background independent non-local Hamiltonians from which local theories emerge within a set of short-range entangled states. The dimension, topology and geometry of the emergent local theory is determined by the initial state to which the Hamiltonian is applied. In this paper, we study dynamical properties of a simple relatively local Hamiltonian for N scalar fields in the large N limit. It is shown that the coordinate speeds at which entanglement spreads and local disturbance propagates in space strongly depend on state in the relatively local Hamiltonian.
I. INTRODUCTION
Locality, one of the cherished principles in quantum field theory [1] , is unlikely to be a part of the yet unknown fundamental theory of nature that includes dynamical gravity [2] . In the presence of strong quantum fluctuations of metric, there is no well-defined notion of what is near and what is far. At the same time, a quantum theory of gravity that reproduces the general relativity in the classical limit can not be a generic non-local theory either. If quantum fluctuation of geometry is weak, a local field theory should emerge as an effective description of quanta propagating on top of the classical geometry that describes a saddle point of the fundamental theory. In this case, locality defined with respect to the saddle point geometry is determined by the state not by the fundamental Hamiltonian. One possibility is that the microscopic theory that includes gravity belongs to a class of non-local theories which act approximately as local theories within a set of states that represent classical geometry. Such theories, while being non-local in the usual sense, must have a weaker sense of locality. We call it relative locality that locality of Hamiltonian is determined relative to state.
Recently, it has been argued that the general relativity can arise as a semi-classical description of a relatively local quantum theory of matter fields [3] . In the construction, spatial metric is introduced as a collective variable that characterizes how matter fields are entangled in space within a sub-Hilbert space. One can design a Hamiltonian for the matter fields such that it induces the classical general relativity for the collective variable at long distances in the limit that the number of matter fields is large. The Hamiltonian is shown to have the property that the range of interactions depends on the entanglement present in states on which the Hamiltonian acts. Although the theory is non-local in the strict sense, it differs from generic non-local theories [4, 5] in that a local effective theory emerges in a space of short-range entangled states. In the theory, the notion of distance that sets locality of Hamiltonian is determined by entanglement present in state.
In relatively local theories, the relation between entanglement and geometry [6] [7] [8] [9] [10] uncovered in the context of AdS/CFT correspondence [11] [12] [13] is promoted to a kinematic principle that posits that geometry is a collective degree of freedom that encodes entanglement of matter fields. In this sense, relatively local theories can be viewed as examples of emergent gravity that realize the ER = EP R conjecture [14] .
However, the relatively local theory introduced in Ref. [3] is defined only perturbatively in the semi-classical limit. The construction starts with matter fields defined on a manifold with a fixed dimension and topology, and it is not capable of describing non-perturbative processes. Furthermore, the continuum Hamiltonian of the matter fields is rather complicated, and its dynamics hasn't been studied explicitly. Therefore it is of interest to consider tractable relatively local models that can be defined beyond the perturbative level. In this paper, we construct a simple relatively local Hamiltonian for N scalar fields, and study its dynamics in the large N limit.
Here is the outline of the paper. In Sec. II, we define the Hilbert space and the Hamiltonian.
Sec. II A starts with the Hilbert space of N scalar fields which are defined on a collection of sites.
Within the full Hilbert space, we focus on a sub-Hilbert space that is invariant under an internal symmetry group. The symmetric sub-Hilbert space is spanned by basis states which are labeled by multi-local singlet collective variables. In Sec. II B we introduce a relatively local Hamiltonian that is invariant not only under the internal symmetry but also under the full permutation group of the sites. The relatively local Hamiltonian has no preferred background, and is non-local as a quantum operator. However, it acts as a local Hamiltonian within a set of states with local structures of entanglement in the large N limit. A state is said to have a local structure of entanglement (henceforth called 'local structure', in short) if entanglement entropy of any sub-region can be written as the volume of its boundary measured with a classical notion of distance (metric) associated with a lattice (manifold). The existence of such a lattice, and the dimension, topology and geometry of the lattice, if exists, are all determined by the pattern of entanglement of state. The lattice associated with a state with a local structure consequently determine the dimension, topology and geometry of the local theory that emerges when the Hamiltonian is applied to that state. In this sense, the locality of the Hamiltonian is set by states. In Sec. III, we study time evolution of states with local structures. We derive an induced Hamiltonian for the collective variables that governs the time evolution of states within the symmetric sub-Hilbert space. In the large N limit, the time evolution is described by classical equations of motion for the collective variables. Sec. III A is devoted to the perturbative analysis that describes time evolution of states which are close to direct product states. It treats small entanglement as a perturbation added to an unentangled ultra-local state. It is shown that the coordinate speed at which entanglement spreads in space vanishes in the limit that the entanglement of the initial state vanishes. In Sec. III B, we numerically integrate the classical equation of motion for the collective variables. We confirm that the coordinate speed at which entanglement spreads depends strongly on the amount of entanglement in the initial state.
Furthermore, it is shown that the local structure of the initial state determines the dimension of the emergent local theory. In Sec. IV, we examine propagation of a local disturbance added to a translationally invariant initial state. It is shown that a small local disturbance propagates on top of the geometry set by the collective variables that are formed in the absence of the disturbance. The coordinate speed of the propagating mode is determined by the initial state because the geometry is set by the state.
II. MODEL A. Hilbert space
We first introduce the Hilbert space in which our model is defined. We consider a quantum system defined on a set of sites labeled by i = 1, 2, .., L. At each site, there are N real scalar fields φ a i with a = 1, 2, .., N . The full Hilbert space is spanned by the basis states φ − ∞ < φ a i < ∞ , where φ is the eigenstate of the field operator that satisfiesφ 
This is because {O i 1 i 2 ..i 2n } forms a complete basis for the polynomials of the fundamental fields that are invariant under S N Z N 2 . Consequently, W can be spanned by basis states,
where Dφ ≡ i,a dφ a i . Henceforth, repeated site indices are understood to be summed over all sites unless mentioned otherwise. The set of symmetric complex tensors of even ranks, T = T ij , T ijkl , ... are collective variables that label basis states of W. The subset of states with pure imaginary collective variables, Therefore, general states in W can be expressed as
where DT ≡ i≥j dT ij i≥j≥k≥l dT ijkl ..., and the integration over T transformations. Therefore, V is spanned by T with T i 1 i 2 ..i 2n = 0 for n ≥ 2. We denote basis states of V as T which is labeled by T ij only. This is illustrated in Fig. 1 . V will be the main focus of the present work. The collective variables are a direct measure of entanglement. For a state T in V with
ii , e jj where T ij = e ij + it ij , the entanglement entropy between a subset of sites A and its complimentĀ is given by [15] 
To the second order in T ij , the mutual information between sites i and j is I ij = N − ln
. It is useful to visualize the mutual informations between sites in terms of entanglement bonds as is shown in Fig. 2 Graphs that emerge from random choices of T ij do not represent any lattice in general. There exists a special set of states whose entanglement bonds exhibit a lattice with a sense of locality. We define that a state has a local structure if the entanglement entropy of any sub-region is proportional to the volume of its boundary defined with respect to a lattice. Whether there exists such lattice or not is a property of states. A local structure arises if the pattern of entanglement exhibits a sense of locality. For example,
with d 
and d
, where x represents the largest integer equal to or smaller than x. The entanglement bonds with one and two dimensional local structures are shown in Fig. 3 . Here, the dimension, topology and geometry of the emergent lattice are properties of states determined by the collective variable. In the thermodynamic limit, V includes states that describe any lattice in any dimension.
B. Relatively Local Hamiltonian
Now we construct a relatively local Hamiltonian whose dimension, topology and locality are determined by those of states. For this, we can not have a local hopping term that is based on a pre-determined notion of distance. Instead, the range and the strength of hopping need to be state dependent. Here we consider a simple relatively local Hamiltonian that is invariant under
Here R, U , λ are constants, andπ 
For states in V, the operator satisfieŝ
While T is not an eigenstate ofT ij , its expectation value is given by T ij is a quantum operator that measures the geometry of states. In quantum mechanics, it is in general impossible to read information without disturbing the state [17] . However,T ij acts as a classical variable to the leading order in 1/N when applied to semi-classical states. This is attributed to the fact that the geometric information is encoded redundantly by a large number of matter fields in the large N limit. To see this, we consider a general state in Eq. (3) with a semi-classical wavefunction for the collective variables, 
to the leading order in 1/N and ∆. Here we use Eq. (7) and states. This is true for more general semi-classical states in which higher order multi-local fields are turned on. IfT ij andP ij decay in a distance function d ij associated with a lattice, the state exhibits a local structure. In this case,T ij χ also decays exponentially following the local structure of the state, and Eq. (5) is well approximated by a local Hamiltonian. For example, only one-dimensional local hopping terms survive to the leading order in 1/N if the Hamiltonian is applied to χ withT ij χ = e
Now we examine time evolution of states in W generated byĤ. An application of e −idtĤ to T leads to
where
Because { T } is a complete basis of W, Eq. (11) can be written as a linear superposition of T ,
where H 0 [T , P] is given by Eq. (12) with O replaced with P. The integration T
in Eq.
(13) is defined in the complex plane, where
. A finite time evolution is given by a path integration over the collective variables and their conjugate momenta,
and DT DP ≡ [15, 18] .
H 0 also has a real spectrum because the original Hamiltonian in Eq. (5) is Hermitian. H 0 can be mapped to a Hermitian Hamiltonian through a similarity transformation. However, we will proceed with the current representation of the Hamiltonian.
III. STATE DEPENDENT SPREAD OF ENTANGLEMENT
A. Perturbative analysis near ultra-local solution
In this section, we examine time evolution of semi-classical states in Eq. (9). In the large N limit, the path integration in Eq. (14) .i 2n (t) = 0 for n ≥ 2, the equations of motion for T ij and P ij decouple from P i 1 i 2 ..i 2n with n ≥ 2 as well. This allows one to use the effective Hamiltonian for the bi-local fields only,
which is obtained by turning off all multi-local fields with n ≥ 2 in Eq. (12) . The bi-local fields obey the equation of motion,
with the initial condition
Let us first consider ultra-local solutions. For T ij = T i δ ij , P ij = P i δ ij , the equation of motion for each site is decoupled from others,
For 8U 2 λ > R 3 , there exists one ultra-local static solution (fixed point) on the real axes of T i and
, two more fixed points coalesce on the real axes : (T + * * , P
. The static ultra-local solutions describe direct product states. The direct product states remain to be direct product states under the time evolution because the Hamiltonian acts as a ultra-local Hamiltonian within the subspace of states without spatial entanglement. Here we focus on the case with 8U 2 λ > R 3 , and examine how initial states which are slightly perturbed away from the ultra-local fixed point evolve in time. To be concrete, we consider the initial condition,
where d
The initial condition describes the ultra-local state perturbed with nearest neighbour entanglement bonds with strength that forms the one-dimensional lattice with the periodic boundary condition. With the one-dimensional local structure, it is natural to use the label for each site as a coordinate of the lattice. In the small limit, the initial state obeys the area law of entanglement : the entanglement entropy of a sub-region scales as − 2 ln 2 , and is independent of the sub-system size to the leading order. The solution in t > 0 is written as
Here T 0,ij = T * δ ij and P 0,ij = P * δ ij denote the unperturbed ultra-local static solution. Eq. (20) includes higher order terms in as well because the non-linearity of the equation of motion generates higher order terms at later time even though the initial condition has only O( ) perturbation.
Under time evolution, the second neighbor and further neighbor bi-local fields are generated, creating longer-range entanglement in the system. This is illustrated in Fig. 4 . The increase in the range of the bi-local fields in real space describes how entanglement spreads in space. For earlier studies of spread of entanglement in local and non-local Hamiltonians, see Refs. [19] [20] [21] [22] [23] [24] [25] .
In organizing the equation of motion as a perturbative series in , it is convenient to combine the phase space variables at each order into a two-component complex vector,
The phase space vectors obey the equations of motion,
and
for n > 1. In Eqs. , 1 . A n,ij is the 'force' term for V n,ij generated from V m,kl with m < n. Now we examine the equations of motion order by order in . For n = 1, there is no force term, and the equation for V 1,ij is decoupled for each i, j. The solution to Eq. (21) is given by
where α 1,ij , β 1,ij are constants determined from the initial condition, V T 1,ij (0) = (δ d ij ,1 , 0). V 1,ij (t) on the nearest neighbor bonds undergo independent oscillatory motions, and V 1,ij (t) = 0 for
At the second order in , V 2,ij is driven by the force term which is quadratic in V 1,ij . Because A 2,ij ∼ k V 1,ik V 1,kj , A 2,ij oscillates with frequencies C 2 = {0, ±2ω 1 } for i, j with d ij = 0, 2.
The force term can be written as A 2,ij = Ωp∈C 2 e iΩpt a p 2,ij , and the solution to the driven oscillator becomes
where α 2,ij , β 2,ij are determined from V 2,ij (0) = 0. For all other i, j with
is invertible for all Ω p in C 2 because the driving frequencies are not resonant with the natural frequency of M ij . At this order, the second nearest neighbour entanglement bonds are generated, but their amplitudes remain to be O( 2 ). This describes a non-propagating evanescent mode.
At the third order, orbits are no longer quasi-periodic. Resonances occur because A 3,ij includes driving force with frequencies ±ω 1 , which is the natural frequency of M ij . For example,
,i+3 generate forces with frequencies ±ω 1 . Besides oscillatory components, the resonances lead to a linear growth of the amplitude as
Here ... denotes pure oscillatory parts. Through the resonance, the amplitudes of the third nearest neighbor bi-local fields increase. This results in a growth of the range of the bi-local fields in real space as is shown in Fig. 4 . Since it takes t ∼ −2 for the third nearest neighbor bi-local field to become O( ), the coordinate speed at which the range of the bi-local field grows in real space vanishes as O( 2 ) in the small limit.
We emphasize the fact that further neighbor bi-local fields are generated only at higher orders, and they are exponentially suppressed in at small t. This is because the initial state provides only nearest neighbor entanglement bonds that source the growth of further neighbor bi-local fields. The locality of the theory that governs the evolution of the bi-local fields at early time is determined by the local structure of the initial state. At later time, the range of the bi-local fields becomes larger in coordinate distance, and the local structure of the state evolves. The emergent theory that governs the evolution of the bi-local fields at a given time is local only at scales larger than the range of the bi-local fields at that moment. Furthermore, the dimension of the emergent local theory is determined by the dimension of the local structure of the initial state. If one starts with an initial state with a two-dimensional local structure, the entanglement spreads following the two-dimensional lattice set by the initial state.
B. Numerical solution In order to test the predictions of the perturbative analysis, we now solve Eq. (17) numerically for the initial condition in Eq. (19) . In Fig. 5 , the graphs that emerge from T ij (t) are shown at different time slices for = 0.12, where the thickness of the lines connecting sites are drawn in proportion to the magnitude of the bi-local field. At small t, sites are connected mainly through short-range bonds, maintaining the one-dimensional local structure. As time increases, the range of the bi-local fields grows, and all sites get connected to all other sites at late time. Fig. 6 shows the evolution of T ij (t) as a function of i − j and t for various choices of . The translational symmetry of the initial condition guarantees that T ij (t) and P ij (t) depends on i and j only through i − j. Furthermore, T ij (t) = T iL+2i−j (t) due to the periodic boundary condition. The profile of P ij (t) in the space of i − j and t is similar to that of T ij (t) shown in Fig. 6 . As expected, the speed at which the range of the bi-local fields increases in real space strongly depends on . In order to quantify the speed of entanglement spread, we introduce
which measures the range of the bi-local field in coordinate distance. Here the maximum size of the bi-local field is restricted to |i − j| ≤ L/2 because of the periodic boundary condition. For the initial state with only short-range entanglement bonds, ∆(0) ∼ O(1). In the other extreme limit, if T ij (t) spreads over the entire system and becomes independent of i − j, ∆(t) approaches L/2. In Fig. 7 , we show the growth of ∆(t) for various values of . At small t, ∆(t) increases linearly modulated by oscillatory contribution. The speed of the linear growth of ∆(t) at early time is plotted as a function of in Fig. 8 . In the small limit, the speed scales with 2 , which is consistent with the perturbative analysis. This strong state dependence of the speed is contrasted to local Hamiltonians which typically exhibit an O(1) dependence of speed on state [26] .
At larger t, the growth of ∆(t) exhibits an acceleration in time as is shown in Fig. 7 . This non-linearity is more noticeable for small in which there is enough time before the range of the bi-local fields reach the system size. The acceleration can be attributed to the fact that further neighbor entanglement bonds can be created more easily once the state develops bonds beyond nearest neighbor sites in t > 0. Eventually, ∆(t) stops growing once the range of the bi-local fields becomes comparable to the system size. In the late time limit, the bi-local field spreads over the entire system as is shown in Figs. 5 and 6. This implies that the state in the large t limit supports entanglement entropy that scales with the coordinate volume of sub-systems. The time it takes for the system to reach such a state strongly depends on the amount of entanglement in the initial state.
State dependent coordinate speed can be understood as originating from state dependent geometry. It is noted that ∆(t) determines the range of hopping at time t in Eq. (5). If we define the proper distance such that there exist hoppings only between sites within unit proper distance, sites which are separated by ∆(t) in coordinate distance are regarded to be within a unit proper Next, we consider an example where the dimensionality of the emergent local theory is greater than one. For this, we consider an initial state which has a two-dimensional local structure,
. In this case, there is no apparent locality for T ij (t) in terms of the one-dimensional coordinate i and j. Instead, it exhibits a local structure associated with the two-dimensional lattice. Therefore we introduce a coordinate system (x i , y i )
which is related to site index i via
In Fig. 9, we show how the bi-local fields spread over the two-dimensional lattice as a function of time for the initial condition given by Eq. (28) . Clearly the spread of entanglement follows the locality defined with respect to the two-dimensional lattice. This shows that the same Hamiltonian acts as a two-dimensional local Hamiltonian when applied to states that exhibit two-dimensional local structures, and as an one-dimensional Hamiltonian to states with one-dimensional local structures.
In relatively local theories, topology, dimension and geometry are all emergent properties.
i k j local disturbance δT ik can hop to δT ij via the bonds that are formed between sites k and j.
IV. STATE DEPENDENT PROPAGATION OF LOCAL DISTURBANCE
Now we examine how a local disturbance propagates in space. For this, we add an infinitesimally small local perturbation at i = L/2 to the initial state in Eq. (19) which supports the one-dimensional local structure,
where Q denotes the strength of the local perturbation added at site i = L/2. In the limit that Q , the local perturbation propagates on top of the 'geometry' set by the bi-local fields formed in the absence of the local perturbation. We can express the solution in the presence of the local perturbation as
where T ij (t), P ij (t) are the solution of the equation of motion with Q = 0, and δT ij (t), δP ij (t) ∼ Q represent the deviation generated from the local perturbation. To the leading order in Q, δT ij (t), δP ij (t) satisfy,
Here the bi-local fields that are already formed in the absence of the local perturbation sets the background on which the perturbation propagates. The range of the hopping for the perturbation is set by the range of the preformed bi-local fields. For example, −i ∂ τ δT ij ∼ RδT ik P kl T lj in Eq.
(31) describes the processes in which δT ik defined on link (i, k) jumps to link (i, j) via P kl T lj that provides a connection between k and j. If
kj /ξ , δT ik jumps by coordinate distance ξ at a time. This is illustrated in Fig. 10 . Since the profiles of T ij and P ij strongly depend on the initial state, so does the coordinate speed at which local disturbance propagates in space. As time increases, the range of T ij and P ij increases. Accordingly, we expect that the coordinate speed for the propagation of the local disturbance increases in time.
We check this through the numerical solution obtained for the initial condition in Eq. (29) . To keep track of how the local perturbation propagate in space, we introduce
where the index i is not summed over. This corresponds to the conserved energy density for the direct product state. For general states, this is neither conserved nor real. Nonetheless, this is a useful measure that characterizes how far each site is driven away from the ultra-local fixed point.
In Fig. 11 , we plot
as a function of i and t. ∆h i (t) measures the deviation of the 'local energy density' at site i relative to the local energy density at a site far away from the site with the local perturbation. As is shown in Fig. 11 , the speed at which the local disturbance propagates in space strongly depends on .
The coordinate speed of the propagation increases with time as well. This is due to the fact that the perturbation can hop by larger coordinate distances using larger entanglement bonds at later time. In other words, the shrinking universe makes coordinate speed of propagation to increase.
The acceleration of the propagating mode in coordinate speed is more manifest for large as is shown in Fig. 11 (d) . For small , it is hard to differentiate the speed of the propagating mode from the speed of entanglement spread because both are small. It is emphasized that is not a parameter of the Hamiltonian, but a parameter that characterizes the amount of entanglement in states. The state dependent speeds of entanglement spread and wave propagation is a hallmark of relatively local Hamiltonians. The state dependence of coordinate speed can be understood in terms of state dependent geometry with a fixed proper speed. A state which is close to a direct product state gives rise to a geometry whose proper size is large. This translates to a small speed of propagation when the speed is measured in coordinate distance.
Conversely, a state with a larger entanglement has a geometry with shorter proper distance, and exhibits a larger coordinate speed. Relatively local Hamiltonians do not satisfy a bound on how fast entanglement can spread in terms of coordinate speed [27] . However, it is likely that there exists a bound on a proper speed, where the physical distance is measured with respect to state dependent geometry in the large N limit.
V. SUMMARY
In this paper, we construct a simple relatively local Hamiltonian for N scalar fields. The Hamiltonian is defined on a set of sites which has no preferred background. Although the Hamiltonian is non-local as a quantum operator, it acts as a local Hamiltonian in the large N limit when applied to states whose pattern of entanglement exhibits a local structure. The dimension, topology and geometry of the emergent local theory are determined by states. One manifestation of the space dependent geometry is that the coordinate speed at which entanglement spread depends on state. 
We solve the equation of motion for the enlarged system with the initial condition, T A;ij (0) = T A;ij + T B;ij + cos(2ωδ)(T A;ij − T B;ij ) + i sin(2ωδ)(P A;ij − P B;ij ) P A;ij + P B;ij + i sin(2ωδ)(T A;ij − T B;ij ) + cos(2ωδ)(P A;ij − P B;ij )
T A;ij + T B;ij − cos(2ωδ)(T A;ij − T B;ij ) − i sin(2ωδ)(P A;ij − P B;ij ) P A;ij + P B;ij − i sin(2ωδ)(T A;ij − T B;ij ) − cos(2ωδ)(P A;ij − P B;ij )
The symplectic form dT A;ij ∧ dP A;ij + dT B;ij ∧ dP B;ij is preserved under Eq. (A2). In this paper, we use R = U = λ = 1, ω = 10 and dt = 10 −3 .
